In Part I of this two-part investigation we presented a theory for propagation of pulsed-beam wave packets in a homogeneous lossless dispersive medium with the generic dispersion relation k(). Emphasis was placed on the paraxial regime, and detailed studies were performed to parameterize the effect of dispersion in terms of specific physical footprints associated with the PB field and with properties of the k() dispersion surface. Moreover, critical nondimensional combinations of these footprints were defined to ascertain the space-time range of applicability of the paraxial approximation. This was done by recourse to simple saddle-point asymptotics in the Fourier inversion integral from the frequency domain, with restrictions to the fully dispersive regime sufficiently far behind the wave front. Here we extend these studies by addressing the dispersive-tonondispersive transition as the observer moves toward the wave front. It is now necessary to adopt a model for the dispersive properties to correct the nondispersive high-frequency limit k() ϭ /c with higher-order terms in (1/). A simple Lorentz model has been chosen for this purpose that allows construction of a simple uniform transition function which connects smoothly onto the near-wave-front-reduced generic k() profile. This model is also used for assessing the accuracy of the various analytic parameterizations and estimates in part I through comparison with numerically generated reference solutions. It is found that both the asymptotics for the pulsed-beam field and the nondimensional estimators perform remarkably well, thereby lending confidence to the notion that the critical parameter combinations are well matched to the space-time wave dynamics.
INTRODUCTION
This paper is concerned with extending the investigation of paraxial pulsed-beam (PB) wave-packet propagation in homogeneous lossless dispersive media performed in Part I, 1 and with validating the analytic space-time results given in Part I by application to a specific example. In Part I the medium was characterized by a generic dispersion relation k(), and the emphasis was placed on the fully developed dispersive regime. Various critical nondimensional parameters were identified that expressed the effects of dispersion in terms of physical footprints pertaining to the PB wave objects as well as to the characteristics of the dispersion surface. To extend the results of Part I from the fully dispersive regime through the weakly dispersive and eventually nondispersive regime as the observer approaches the wave front, a simple Lorentz-type dispersion model, characteristic of a cold electron plasma, has been adopted. This model allows explicit closed-form construction of a uniform field transition function that patches onto the upper frequency limit of the fully dispersive profile and reduces to the nondispersive PB as k() → /c at the wave front. The cold plasma model is also used for numerical evaluation of the asymptotic solutions and estimations and for assessing their performance by comparison with direct numerical evaluation of the frequency inversion integral.
In Section 2 the cold plasma dispersion relation is defined, and all relevant asymptotic expressions for observables and estimations derived generically in Part I are reproduced here for the cold plasma case. In each case 
PARAMETERIZATION OF THE COLD PLASMA DISPERSION FIELD

A. Time-Domain Asymptotics
To test the performance of the various asymptotic parametric estimates developed for the PB wave-packet dispersion, we consider the simple example of a cold electron plasma that has the Lorentz-type dispersion relation
where 0 is the plasma frequency. We obtain the stationary frequency of the PB exactly by inserting Eq. (1) into Eq. (I.25). The result is
so that
From Eq. (2), the on-axis stationary frequency s ( ϭ 0) is
Accordingly,
Using a second-order Taylor-series approximation for s in Eq. (2), we obtain
Using Eqs. (5) in Eq. (6), we obtain 
Using Eqs. (2) and (3), we obtain
By expanding ⌿ in Eqs. (8) in a Taylor series up to fourth order and using Eqs. (I.13), (4) , and (5), we obtain
Comparing this result with the approximate phase in Eq. 
B. Parameterizations via the Envelope Function
The envelope function in relation (I.61) for the PB field may be evaluated in the plasma medium by use of Eqs. (4) and (5):
The envelope peaks at the value ⍀ m , which satisfies Eq. (I.63) for the dispersion relation in Eq. (1), giving
where the last equality is valid for 0 T Ӷ 9/4. One finds the peak value by inserting relation (12) into Eq. (11):
On-Axis Temporal Width
One may find the temporal width of the PB field in Eqs.
(I.57) by solving
where d is a nondimensional attenuation factor. Solving this equation for any d is complicated. One may find a simple analytic solution by approximating the exponent in Eq. (11) by exp(ϪT 0 /2). The range of validity for this approximation is determined by the condition
Solving inequality (15) with the condition 0 T Ӷ 9/4 above yields
Using this approximation in Eq. (14), we obtain
where the last equality is valid for
The temporal width ⌬ t with respect to the wave front may be approximated via
Comparing inequality (16) with relation (17), we find that the minimum value of d for which relation (19) is valid is given by
where Q d is the critical nondimensional parameter for the minimum attenuation d. Note that, in cases for which d does not satisfy the condition in inequality (18), ⌬ t may be evaluated by the first equality in relation (19) with ⍀ d evaluated by the first equality in relation (17). The on-axis PB field obtained from Eqs. (I.57) (solid curve) for the dispersion relation in Eq. (1) as well as its envelope (dashed curve) in Eq. (11) are presented in Fig.  2 . The PB parameters are T ϭ 0.005 and ␤/c ϭ 5, the dispersion parameter is 0 ϭ 20ͱ2, and the field is evaluated at z/c ϭ 2. Using relation (12), we find that the envelope peaks at ⍀ m ϭ 1.0011, which corresponds to t m ϭ ⍀ m z/c ϭ 2.0022. The peak value is found from Eq. (13), giving E max ϭ 60.73 (note that here 0 T ϭ 0.14 Ӷ 9/4). Using these parameters, we find that the theo-
On-Axis Spatial Width
Following the discussion in Subsection I.4.B.2.b, the onaxis envelope peaks at z m ϭ ct/⍀ m , with ⍀ m being given in relation (12) and its peak value being given by [cf. Eq.
(21) One may now find the on-axis spatial width of the field in Eqs. (I.57) by solving Eq. (14). Following the procedure given in relations (14)- (17), one finds that the on-axis spatial width ⌬ z is
with ⍀ d being given as in relation (17). The on-axis field (solid curve) for the same PB and dispersion parameters as in Fig. 2 Fig. 3 . Using relation (12), we find that the envelope peaks at ⍀ m ϭ 1.0011, which corresponds to z m ϭ ct/⍀ m ϭ 1.9978. The peak value E max ϭ 60.73 is found from Eq. (13). As in Fig. 2 
Off-Axis Spatial Width
One obtains the off-axis spatial width of the PB field for the dispersion relation in Eq. (1) 
Results for three different observation times t ϭ 2.008, 2.041, 2.096, which correspond to the first three (positive) peaks, respectively, of the on-axis field in 
C. Wave-Front Radius of Curvature
As noted in Subsection I.4.B.2.d, the wave-front radius of curvature of the dispersive PB field is independent of the specific dispersion relation and is given by Fig. 5(a) we present the dispersive PB field propagating in a cold plasma with dispersion relation (1) and 0 ϭ 20ͱ2. The field parameters are as in Fig. I.1, i. e., ct ϭ 2, cT ϭ 0.005, and ␤ ϭ 5. The contour lines of the field magnitude as well as the radius of curvature R d (z) for several values of z (corresponding to local extrema) are presented in Fig. 5(b) . Evidently these values of wave-front radii of curvature are in accord with the contour lines. These plots should be compared with the nondispersive pulse shape shown in Fig. I.1 ; the dispersive case exhibits prolonged oscillations.
D. Instantaneous Frequency
The instantaneous frequency i (r, t) for the generic dispersion relation k() is given by [see Eq. (I.72)]
We obtain the instantaneous frequency for the dispersion relation in Eq. (1) by inserting Eqs. (4) and (5) into Eq. (24), which gives
The term ( 0 ⍀ )/ ͱ ⍀ 2 Ϫ 1 is the on-axis stationary frequency s (z, t) in Eq. (4); therefore the second term inside the bracket is the normalized deviation of the instantaneous frequency from s .
Under the paraxial approximation this deviation is proportional to 2 , and it is positive for R(z) Ͼ 0, i.e., for observers moving toward the waist location at Z [see Eq. (I.17)], but negative for observers moving away from Z. The result in Eq. (25) fails at observation points close to the wave front, where ⍀ → 1 (see Section 3). 
TRANSITION REGIME NEAR THE WAVE FRONT A. Dispersion Surface
For observations near the wave front, where ⍀ → 1 and the dispersion relation approaches the high-frequency limit k() → /c, the dispersive properties undergo a transition to the nondispersive regime, and the radius of curvature of the dispersion surface R c → ϱ. To parameterize the transition regime, we assume that the dispersion relation takes the form (Ref. 2, Section 1.6)
with ␣ denoting a characteristic frequency parameter. Dispersion relations as in relation (26a) are characteristic of lossless Lorentz-type materials. 3 We then find the stationary frequency s by using relation (26a) in Eqs. (I.45), obtaining
Since s → ϱ as the observation point approaches the wave front ⍀ → 1, the asymptotic evaluation via the isolated saddle point, which leads to Eqs. (I.57), becomes invalid. The corresponding transitional radius of curvature of the dispersion surface is obtained through relations (I.47) and (26a) by
From relations (27) and (I.52) we can assess the transitional behavior of the paraxial PB wave packet, which now satisfies the condition in relation (I.52) with
Clearly, the paraxial off-axis range shrinks as ⍀ → 1 and is influenced as before by the beam parameters as well as by the dispersion parameter ␣ .
B. Transitional Beam Fields
As noted above, the transitional beam field near the wave front z ϭ ct can no longer be described by the simple saddle-point evaluation formula. To derive the transition function we assume that
where T parameterizes the maximum frequency of f through relation (I. 
which does not affect the → ϱ limit in relation (29). In particular, for ӷ ͱa/T, relation (30) reduces to relation (29).
To recover the time-domain field u(r, t) ϭ Re u ϩ (r, t) from the analytic signal representation, we insert relations (26a) and (30) into Eq. (I.18) to obtain
Note that, to ensure convergence as → 0, we must have Im b р 0. Therefore, for a given r, where Im S у 0, a should be chosen such that Im S р ca/ ␣ 2 . Using Eq. (I.14), we obtain
The integral in Eq. (31) may be evaluated in closed form in terms of a Hankel function with complex argument (Ref. 4 , Section 3.6.5):
The locally uniform result in Eq. (33a) parameterizes the time-domain response in the near-wave-front regime of high frequencies where relation (26a) applies, either at the wave front where b → 0 or far enough behind the wave front so that b ӷ 1, but within the near-wave-front regime ⍀ ϭ ct/z Ӎ 1. Since the large-contribution is not affected by the a/ term in relation (30), we can set a ϭ 0, thereby replacing b by b to obtain relation (33b).
C. Transitional On-Axis Response
For on-axis points, where ϭ 0, the PB propagator behaves like a one-dimensional plane wave. To compare the above result with the plane-wave result given in Ref.
2, we assume that T ϭ 0 (impulsive response), obtaining S ϭ z, b ϭ ␣ 2 z/c. Since the argument ͱb is now real, the real and the imaginary parts of the Hankel function are given by J 1 and ϪY 1 , respectively. In the planewave limit the collimation length F ϭ ␤ r ӷ z [see Eqs.
(I.15)], so we may approximate (Ϫi␤)/(z Ϫ i␤) Ӎ 1. Thus, by taking the real part of relation (33b), we obtain u͑z, t ͒ ϭ Ϫͱb/J 1 ͑2ͱb͒,
which is an expression exactly the same as the one found in Ref. 2, Eq. 1.7.49, with ϭ 0.
D. Very near the Wave Front: Nondispersive Limit
To obtain a simple expression for the field very near the wave front, we assume that ͉2ͱb͉ Ӷ 1, that is, form field. Finally, Fig. 6 (c) describes the field in the dispersive regime (Q ␥ ϭ 2.8 Ͼ 1) in which the uniform and the asymptotic solutions coincide.
CONCLUSION
In this second part of a two-part investigation we have extended the theory of pulsed-beam propagation in homogeneous lossless dispersive media from the full dispersive regime addressed in Part I 1 to the dispersive-tonondispersive transition regime near the wave front. We have also performed numerical experiments for a simple Lorentz-type dispersion model to assess the accuracy of the various asymptotic field representations, estimators, and nondimensional critical parameters that quantify the effects of dispersion on the pulsed-beam physical observables. The results confirm that the estimates on domains of validity work, and the critical parameters are indeed matched to the problem. While the simple test so far is not conclusive, it does suggest that the procedures employed are on the right track.
Further studies will deal with the inclusion of dissipation in the k() model and with nonhomogeneous medium profiles.
